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It has been established by a number of researches that Einstein's equation for the viscosity of solutions, as derived originally in 1906 ~ and then modified in 1911, ~ is not applicable even to moderate concentrations of colloidal solutions. This equation expresses viscosity as a linear function of the volume fraction of the dispersed substance by the formula,
where ,1 is the relative viscosity of the suspension, i.e. the ratio of the absolute viscosity of the suspension to that of the pure solvent, while ~o is the volume occupied by the dispersed substance expressed as a fraction of the total volume of the solution.
This formula is an approximation of the expression i + o.5~
(1)
--(I --q,)u
Examination of Einstein's paper revealed the fact that according to the printed derivation, the complete equation should be 1 + 0.5~ (2) apparent error was due to a misprint in that the expression as printed, 3~ = A s + B 2 + C 2, should be ~ = A s+B 2 +C 2. The 1 + 0.5~ equation n = ii 2_ ~] therefore cannot be derived from Einstein's theory but still serves as a useful empirical relation.
On expansion this formula gives n= 1 + 4.5~o--}-12~+ 25~, 3 . .
When ~o is very small, this equation becomes
,;= I+4.5~o, which is identical with the one derived by Hatschek in 19104 for the viscosity of suspensions, by the application of Stokes' formula for a sphere moving through a viscous medium. But it appears from Hatschek's derivation that his formula is not an approximation and hence may be applied to cases where e is quite large, while the derivation of the formula as given above shows that it is only an approximation and applies only to cases where ~ is very small. This becomes especially clear when notice is taken of the rapidly increasing values of the coefficients of the higher powers of 9. It is obvious then that the only proper way for making use of the formula is to employ it in its complete form namely
There is no difficulty in calculating the values of n by means of this formula when the values for ~ are given. But, on the other hand, a determination of ~ from a given value of n leads to the solution of an equation of the fourth degree. This difficulty can be overcome by plotting the curve shown in Fig. 1 Physik, 1906 , xix, 296, 300. 4 Hatschek, E., Z. Chem. u. Ind. Kolloide, 1910 Z. anorg, u. allg. Chem., 1920, cxlii, 147.) Gm. per 100 cc.
solution. greater precision two curves were used; one covering a range of n from 1.000 to 5.000 with a scale of 10 cm. per unit of n and 1 cm. per 1 per cent in the values of 9, and another one covering a range of from 1.00 to 40.0 with a scale of 1 can. per unit of n and 0.5 cm. per 1 per cent. As defined above, the symbol ¢ stands for the volume fraction of the dispersed substance or of solute in case of solution, and can be expressed either as per cent or as cc. per 100 cc. of solution. Hence divided by the weight of the solute per 100 cc. of solution stands for the specific volume of the solute and this should be constant for various concentrations of the dispersions or solutions unless the solute is hydrated or solvated to an extent varying with the concentration.
+ 0.5~,
Thus the applicability of the formula n -(1 -~)4 may be tested for various dispersions by observing whether the calculated values of ~, by means of this formula, when divided by the weight of the solute in gm., produce a constant equal to the specific volume of the solute. This was done for various substances, using published data, with the Table I particles. The values for specific volume, as calculated by the formula 1 + 0.5¢ -(1 -9)4, are quite constant, especially in the series at 25°C. and are quite close to the actual specific volume of sulfur which is about 0.5. In the series at 20°C. the value of ~ increases slightly with the increase in concentration of the sulfur, but, as is mentioned by Sven Od6n, coagulation of the dispersion beans at 20°C. This coagulation increases with the concentration, and hence an increase in the volume of the dispersed substance is to be expected owing to the occlusion of water in the clusters of the partially coagulated particles. A comparison of the two last columns shows the remarkable constancy of the values for the specific volume of the solutes when calculated by 1 + 0.5~ the formula n -(1 -~)4 as compared with Hatschek's values.
The difference between these two formulae is also shown in Table  IV where the specific volume of India rubber when dissolved in various solvents is calculated from the relative viscosities of the solutions. case at all. Thus it is evident from all the data given that formula (2) may well be applied to practically all cases of solutions or suspensions of particles where the particles are large in comparison with the molecules of the solvent, and to concentrations of the solute as high as to occupy even 50 per cent of the total volume. The values for the specific volume of the solutes as calculated by this formula are not only constant for various concentrations but also agree in the case of the sugar solutions and the sulfur suspension with the actual specific volume of the solutes in the dry state. On the other hand, the values for the specific volume of such "solutes" as glycogen, casein, and rubber, as obtained from the viscosity measurements, are much higher than the actual values for the specific volume of these substances in the dry state, thus showing that the particles of these substances contain some of the solvent. The viscosity measurements supply a means, then, through the application of the formula, for determining the actual volume of the solvent associated with the solute. This figure can be obtained by subtracting the volume occupied by the solute in the dry state from the value of ~ as calculated from the viscosity of the solution.
An independent method for testing the significance of the values for obtained from viscosity measurements is afforded by osmotic pressure measurements. The equation for osmotic pressure of moderate molal concentrations of solutions of substances of high molecular weight may be expressed as RT Nz 7 Vo No or Hence, if the values for ~, as calculated from viscosity measurements are real, then, when they are substituted in the last equation, the value of K should be constant for all concentrations of solutions of the same substance. That this is the case is shown in Table V 
M,RT"
casefl thus showing the close relation between viscosity and osmotic pressure, both being functions of the volume fractions of the solute.
8 It is interesting to observe that in the case of solutions of substances that swell enormously when brought in contact with suitable solvents, as in the case of rubber in contact with various organic liquids, the values of ~ as calculated by means of the formula continuously decrease with increase in concentration, as shown in Table V .' Nevertheless the independent method of checking the values of 9 by means of osmotic pressure measurements shows that the viscosity formula applies even to cases where ~ is not constant.
SUMMARY.
1 + 0.5¢ represents It has been found that the expression ~ -(1 -¢)* very closely the relation between the volume of the solute and the viscosity of the solution. The formula has been applied to a number of experimental results and found to hold very well for as high concentrations as 50 per cent solutions of such substances as sugars, glycogen, casein, and rubber. In the case of various sugar solutions, and also in the case of sulfur suspensions, the volume of the solute as calculated from the viscosity values agrees with the actual volume of the substance in dry state, as determined from specific gravity measurement, while in the case of caoutchouc solutions in benzene the values of ¢ as calculated from the viscosity measurements fit remarkablywell in the equation for osmotic pressure.
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